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Abstract. In this paper, we improve new conditions for uniqueness results 
of weak solutions for the 3D Navier-Stokes equations. The proof has a simple 
geometrical and physics interpretation it expressed in terms of the enstrophy 
and the Hausdroff mesure of the level set of solutions of the 3D Navier Stokes 
equations. We apply our result to the 2D Navier Stokes equations. 



1. Introduction 

Two of the profound open problems in the theory of three dimensional viscous 
flow are the unique solvability theorem for all time and the regularity of solu- 
tions. For the three-dimensional Navier-Stokes system weak solutions of problem 
are known to exist by a basic result by J. Leray from 1934 6,, it is not known if 
the weak solution is unique or what further assumption coul make it unique only 
the uniqueness of weak solutions remains as an open problem. Using the enstropy 
we give new quantities to control the uniqueness of weak solutions of the three- 
dimensional Navier-Stokes equations. We prove that, both solutions have the same 
energy are equal. This paper yields an interesting method for solving uniqueness 
problem, where GronwaU's Lemma is unable to show the uniqueness of solutions. 

2. Preliminary 

We denote by H™ r (f2), the Sobolev space of L-periodic functions endowed with 
the inner product 

(u,v)= ( Dl3u , DP v) L 2 in) and the norm ||u|| m = £ (H^HlLm))^ 

\0\<m \P\<™ 

We define the spaces V m as completions of smooth, divergence-free, periodic, zero- 
average functions with respect to the H™ r norms. V' n denote the dual space of V m 
and V denote the space Vq. 

We denote by A the Stokes operator Au = —Au for u G D (A). We recall that 
the operator A is a closed positive self-adjoint unbounded operator, with 
D (A) = {u e V , Au e V }. We have in fact, D (A) = V 2 . Now define the trilinear 
form &(., ., .) associated with the inertia terms 

b(u,v, w) = f Ui—2-Wjdx (2-1) 

Jn dx ^ 
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The continuity property of the trilinear form enables us to define (using Riesz 
representation theorem) a bilinear continuous operator B (u,v)] V x V — > V will 
be defined by 

(B (u, v) , w) = b (u, v, w) , Vw G V. (2.2) 

Recall that for u satisfying V.u =0we have 

b (it, u, u) = and b (u, v, w) = —b (u, w, v) . (2-3) 

For the 2D case and only with periodic boundary conditions, we have 

b (u, u, Au) = 0. (2.4) 

Hereafter, a G N ,will denote a dimensionless scale invariant positive constant 
which might depend on the shape of the domain. The trilinear form b (.,.,.) is 
continuous on V mi (O) x V„ l2+ i (Q) x V m3 (f2), mi > 

3 

|6 (u, v,w)\< c ||u|| mi ||w|| m2+1 ||w|| m3 , m 3 + m 2 + m x > - (2.5) 

see [1]. We recall some inequalities that we will be using in what follows. 
Young's inequality 

ab < -a p + -\b q , a,b,a>0,p>l,q= — — . (2.6) 
P qa? P-i 

Poincare's inequality 

Ai |M| 2 < Hull? for all u G V , (2.7) 
where Ai is the smallest eigenvalue of the Stokes operator A. 

3. Navier-Stokes equations 

The conventional Navier-Stokes system can be written in the evolution form 
du 

— + vAu + B (u, u) =f,t>0, ^ ^ 

div u = 0, in O x (0, oo) and u (x, 0) = u Q , in J7, 

We recall that a Leray weak solution of the Navier-Stokes equations is a solution 
which is bounded and weakly continuous in the space of periodic divergence-free L 2 
functions, whose gradient is square-integrable in space and time and which satisfies 
the energy inequality. The proof of the following theorem is given in [3J 31 IB] 

Theorem 3.1. Let Q C R n , n = 2, 3 and f G i 2 (0, T\ V{), u Q G V be given. Then 
there exists a weak solution u of (|3.1[) wich satisfies u G L 2 (0, T; Vi)C\L°° (0, T; Vq) , 
VT > 0, Forthemore if n — 2, u is unique. 

In this paper we will be especially interested in the case where n = 3. Consider 
the difference of two solutions, w = u — v and wq = 0. This satisfies the equation 

d t w + Aw + B(v,v)-B(u,u) = 0. (3.2) 

Taking the inner product with w we obtain 

l±\\wf + v\\A^w\\ 2 = b(w,w,u). (3.3) 
Now, if we consider (12.2[) with (m.3, mi, mi) = (0, 1/2, 1), it follows that 

\b(w,w,u)\ < V -\\A?w\\ 2 + \ \\uf \\Aiw\\ 2 . (3.4) 
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Combining all these inequalities in (|3.3[) . we obtain that 



j t \\w\r + ~\\w\\t< -\\v " Muf. (8.:, I 



Integrating the differential inequality, for t > we get 



t nt 

\\w\\\ds< / ||u|| 2 \\Aiw\\ 2 ds. (3.6) 
o Jo 

We take the inner product of (|3.1j) with u, we obtain 

^|| U || 2 + 2H|V W || 2 = 2(/ ; u). (3.7) 

Here we have used the fact that b (u, u, u) — 0. By applying Young's inequality and 
the Poincare Lemma, we get 

by integrating the above inequality from to t, we get 

1 

v . 

then 



-JH 2 + v\\u\\ 2 <-\\ff v ,, (3.8) 



M| 2 <IKI| 2 + -/ WfWtds, (3.9) 



ll«lli- (0)TiVo) < hof + l[ ll/lly/ ds = R\ (3.10) 



This means that 

/ \\w\\ 2 ds < R 2 / \\Aiw\\ 2 ds. (3.11) 

We will consider the problem of estimating a prior the-typical area of a level set 
of the function w. For any positive number 7 we consider the level sets for the 
difference of an arbitrary two solutions of the 3D Navier Stokes equations 

© 7 = {x;w(x,t) = 7,i > 0}, (3.12) 

We denote their 2-dimensional Hausdorff measure (area in this case) by /i (7, t) 

fi(j,t) = [ dH {2) {x)dx. (3.13) 
Je-, 

We are interested in estimating the average (fj,). We take an arbitrary a positive 
smooth function (p of one variable compactly supported in the interval (0, 00) and 
satisfies the inequality 

<p(x)<l. (3.14) 

We observe that 

<p 2 (w) \\w\\ 2 dxds < R 2 \\Aiw\\ 2 dxds, (3.15) 



and, as a consequence 



J J<p(w(x,t)) Ww^dxdsKR 2 J J\\Aiw\\ 2 dxds. (3.16) 

Now we will use an important tool of geometric measure theory, established by 
Kronrod [S] in a specific case and by Federer [5] in the general case. A proof can 
be found in [7] also. 
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Theorem 3.2. Let tjj be a Borel measurable nonnegative function on D and let h 
be a Lipschitz continuous function in D, where D is an open subset ofW 1 . Then 



il>(x)\Vh(x)\dx= dp ip(x)dH n - L dx, (3.17) 

JD JO J Af, 

where H"^ 1 is the (n — 1)- dimensional Hausdorff measure and 

Ap = {x e D; h(x) = /3} (3.18) 

Theorem 3.2 is local and therefore it is valid for periodic functions, also. We will 
use it in p. 161) . with h — w, tp(x) — tp(x) and Ap = 6 7 . We obtain 

T- 1 ds <p(y)d-Y dH^ (x) dx < T~ 1 R 2 / \\A^w\\ 2 ds (3.19) 

JO JO J6 7 Jo 

and therefore the inequality (I3.19[) can be re-written as 

T' 1 [ [<p(rf)n(rf,t)drfde < T^i? 2 f \\Aiw\\ 2 ds. (3.20) 
Jo J Jo 

Let us define /jt by 

Ht = T- 1 { a) da. (3.21) 



Because ip is arbitrary we obtain from (|3.20p that 

/ n^(j,s)dj <T- X R 2 \\ATw\\ 2 ds. (3.22) 
Jo Jo 

In view of the energy inequality (13.91) the inequality (|3.22p implies the a priori 

bounds in terms of initial data u and / 

/ /4(7)rf7<(ll«o|| 2 + -/ \\f\\ 2 v ,ds)T- 1 \\A*w\\ 2 ds. (3.23) 
Jo v 'Jo Jo 

In a completely analogous fashion, passing to lim sup in (|3.23[) we obtain 

T^oo 

/.oo nT 

/ & (7) dj< lim sup (T^R 2 / \\Ai W \\ 2 ds) (3.24) 

JO T->oo JO 

where 

Moo (7) = I™ sup T _1 / ^t(7)^7 (3.25) 

T^oo JO 

and 

r°° 1 f^ 

/ (7) d~f < (IKH 2 + - ||/||* a(0 lim sup T- 1 / ||At w\\ 2 ds. (3.26) 

JO v 1 Jo 

We recall that the Kolmogorov's mean rate of dissipation of energy 77 in 2D turbu- 
lent flow (see e.g. [4]) is defined as 

1 If* 

77 = -Aii/ lim sup - / HAufds. (3.27) 

2 t^oo t Jo 

In order to measure the difference between the velocity fields throughout the set 
6 71 we introduce the following quantity, which is defined for each velocity field w 

by 

if* 3 

rj A = lim sup - / \\Aiw\\ 2 ds, (3.28) 

t— >oo t In 
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for instance the quantity ?y A denote the enstrophy dissipation rate of w = u — v. 
The inequality (|3.26|) becomes 



where 



/4(7)d7<ci4?M, (3.29) 

R 2 co = \\u f+l n/iii S(0 , oo . v?) 

Note that the right-hand sides of (|3 . 23[) and (I3.26[) are finite even if the energy 
becomes singular. We proved thus 

Theorem 3.3. Let w be the the difference of two classical L-periodic solution of 
the Navier-Stokes equation (|2 . 1 [) with smooth periodic driving forces f . Assume that 
the solutions are defined for < t < Tj , where T\ < C Q . Then the area 

(i(<y,t) = / dH^ {x)dx (3.30) 

J {x; w(x,t)= 7} 

satisfies, for any T < T\ 

/ A (7) d-f < R 2 T^ \\Aiw\\ 2 dt (3.31) 
Jo Jo 

where (It is the time average of fi defined in (|3.21[) . Moreover, if T = 00 then 

/>00 

/ ^ 00 { 1 )d 1 <cR 2 00 r lk , (3.32) 
Jo 

where (loo is lim sup (It- 

Since R and are independent of the time, the uniqueness depends only on 
the new quantities r] k . 

Proposition 3.4. Let 800 be as in (I3.42j) below. Then the 2-dimensional Hausdorjf 
measure (i (7, t) satisfies: 
if < v , then 

(i<0. (3.33) 

If (5oo > v, then 

(i = 0. (3.34) 



If Sao 7^ v and 



A 4 wq 



0, then 

(i = 0. (3.35) 



For Soo — v , (i is infinite. 

Proof. If we take the inner product of both sides of (|3.2I) with A^w we obtain 

^^\\Aiw\\ 2 + iy\\A^w\\ 2 + B(w,v,A^w) + B(u,w,A^w) = 0, (3.36) 

or 

B(u,w, A^w) < \\u\\ \\Aiw\\ 2 (3.37) 

and 

B(w,v,A%w) < \\v\\ \\Aiw\\ 2 , (3.38) 

then we have 

\j t \\Ai w \\ 2 + v\\A*w\\ 2 < (\\u\\ + H|) \\Aiw\\ 2 . (3.39) 
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We denote 

(\\u\\ + \\v\\)=5, (3.40) 
applying this to Q3.39P we have that 

||A^|| 2 + v f \\Aiw\\ 2 < Soo [ \\Aiw\\ 2 + \\Aiw \\ 2 (3.41) 
Jo Jo 

where 

5oo = sup 5 < 2i? oc (3.42) 

S£[0,oo] 



then from (|3.4ip we obtain that 

f\\Aiw\\ 2 < 1 J A*w f. (3-43) 

Jo [y-Ooa) 

This concludes the proof of Theorem 3.4. □ 

In order to apply these results to the 2D periodic Navier Stokes equations, where 
their uniqueness are well known as classical results of Leray [B] . We study the one- 
dimensional Hausdorff measure 

lifyt) = [ dH (1) (x)dx (3.44) 

J {x; w(x : t)=~f} 

operating on subsets of M. 2 . We also call it the Hausdorff length of the level sets of 
the difference between two solutions. 

Proposition 3.5. Let w be the the difference of two classical L-periodic solution of 
the 2D Navier-Stokes equation. Assume that the solutions are defined for < t < T. 
Then the length of @ 7 satisfies, 

poo pT 

/ (7) <^7 5: RfT 1 / \\w\\ 2 dt (3.45) 
Jo Jo 

where fix is the time average of (i defined in (|3.44p and 

1 r T 

Ri = M 2 L ~ {0 , T . yi) <\\Vu f + - \\ffds. (3.46) 

v Jo 



Proof. In two dimensions, inequality (I3.3[) becomes 



j t \\w\\ 2 + V \\w\\l< C j-\\Vu\\ 2 \\w\\ 2 . (3.47) 



We take the inner product of (|3.ip with Au, we obtain 



^-\\Vu\\ 2 + 2v\\Au\\ 2 = 2(f,Au). (3.48) 
at 

Here we have used the fact that b(u,u,Au) = 0. By applying Young's inequality, 
we get 

£\\y u \\ 2 + V \\Auf<ML, (3-49) 
by integrating the above inequality from to T, we get 

NI?<IKII? + -/ T ||/II 2 ^. (3.50) 

v Jo 
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This gives 

\\u\\l^^ T , Vl) < ^ ||/|| a d 8 + ||u ||?=.R?. (3.51) 
It follows from ([3^7]) that 




(3.52) 



The rest of the proof of the proposition is analog to that of Theorem 3.3. □ 

It is clear that [i (0, t) = 0. This particular result is so important and it is so in 
accordance with the classical uniqueness result. By using the Poincare inequality, 
this upper bound can be expressed in terms of the energy dissipation rate e k or in 
terms of the enstrophy dissipation rate 77 A . As a continuation of the previous work 
[9l HOj , we introduce in this paper new directions for the study of the uniqueness 
and give a new link between the uniqueness, geometric and energy in the Navier 
Stokes equations. 
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